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Abstract 
A large part of contemporary natural science is concerned with investigating the 
motion of systems in time with a determined state space. To conduct this investigation, 
we study the theory of one-parameter semigroups. The theory is developed from the 
simplest scalar case and finite dimensional case to semigroups of linear operators on 
Banach spaces which started in the first half of the last century. This thesis is designed to 
give a basic introduction to semigroup theory and its application. Some proofs and 
illustrative examples are provided. 
iv 
PREFACE 
The theory of one-parameter semigroups of linear operators on Banach spaces started 
in the first half of the last century and acquired its core in 1948 with the Hille - Yoshida 
Generation Theorem. In the 1970s and 1980s, thanks to the efforts of many schools, the 
theory reached a certain state of insight. 
Today, the theory is applied not only to traditional areas such as partial differential 
equations or stochastic processes but semigroups have also become important tools for 
functional differential equations in quantum mechanics or in infinite-dimensional control 
theory. 
Below, we are going to explain how naturally the theory arose, explore some basic 
results in semigroup theory and give an application in population equations. 
Chapter I of this thesis will give a brief introduction to semigroup theory by 
considering the Cauchy problem in the scalar case and in the finite-dimensional case. We 
will also achieve some results for uniformly continuous semigroups as a nice beginning 
of the infinite-dimensional case. In addition, we will give some examples that reveal the 
existence of semigroups, though not uniformly continuous, have great applications. 
Chapter II is dedicated to studying the theory of strongly continuous semigroups. The 
definitions and properties of a semigroup and its associated generator and resolvent are 
given, and some important results will be proved and illustrated by plenty of examples. 
We will also discuss the relationship between a semigroup, its generator and its resolvent 
which is completely understood by the study of Hille-Yoshida Generation Theorem. The 
goal of solving the initial value problems that closely relate to strongly continuous 
1 
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semigroups is also achieved in this chapter. In Chapter III, we will introduce one 
application in cell population problems. We will show how strongly continuous 
semigroups generate the solution to a cell equation and show that the solution is unique. 
It is a future goal to study spectral theory and to explore qualitative properties of 
strongly continuous semigroups. 
CHAPTER I 
Introduction to semigroups 
1. Autonomous deterministic systems 
A large part of contemporary natural science is concerned with investigating the 
motion of systems. The mathematical framework for this investigation can be outlined as 
follows: 
(1) The object of inquiry is the motion of a system in time. 
(2) Time is represented by the additive group of real numbers IR (or the additive 
semigroup IR+). 
(3) The system under consideration is characterized by a set X - the state space - of 
distinct states x e X whose temporal change is to be determined. The set of all 
possible states of the system is thus fixed from the outset. 
(4) The motion of the system is represented by the temporal change of states or, in 
mathematical terms, by a function IR a t h-> x(t) e X. 
(5) For every instant to e IR and every initial state xo e X there exists a unique motion 
Xl0,xo (^o) = *0 • 
Due to assumption (5), we can vary the initial value xo € X at time to and obtain a 
uniquely determined state x(j X| (?,) of the system at a time target t\. This defines a 
mapping 
4 
In the next step, we take x, = (x0)as a new initial state and t\ as a new initial 
time. Again by assumption (5), we obtain at time t a unique state given by 
h (x,) = O,, (<t>, tg (x0)). This state must coincide with the state achieved at time t by 
the original motion xt (•), which also passed through x\ at time t\, that is, 
holds for all xo e X and t,t\,to e IR. For the family of mappings {$ ( s : ^ , s e lR} this means 
(1-1) 
and, trivially, 
(1.2) O , , = / 
for all U e R and the identity I : x x. We call such a system consisting of the state 
space X, the time space IR (or R+), and a family of mappings : X -» X satisfying 
(1.1) and (1.2) a deterministic system. 
<E>t,r 
• • • • 
f
 ®t,s s r 
Figure 1. Deterministic system 
In many situations, e.g., if the governing physical laws do not change in the course of 
time and no external force acts on the system, it is reasonable to make the following 
assumption. 
(6) The state x, = O,
 s(x0) at time t depends only on the initial state xo at time 5 and the 
time difference t = t-s . 
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Such system will be called autonomous. For the mappings O ( j(x0) this means 
O,^ = O r H where t-s = r-u. We can now write 
T(t) := Or r_t 
and obtain a one-parameter family {T(t) : t e IR} of mappings on the state space Z 
satisfying 
(FE) T(t)T(s) = T(t + s) and T(0) = I 
for all s G R. A family of mappings fulfilling equation (FE) is called a one-parameter 
group or a one-parameter semigroup if / e IR+. It is our mathematics model of 
autonomous, deterministic motion of a system in time. And these maps completely 
determine the time evolution of the system in the following way: If the system is in state 
xo, at time t it is in state T(t)xo. 
In most cases a complete knowledge of the maps T(t) is hard, if not impossible to 
obtain. However, as a rule, it is much easier to understand the "infinitesimal changes" 
occurring at any given time. In this case, the system can be described by a differential 
equation replacing the functional equation (FE). 
In this chapter we analyze this phenomenon in the mathematical context of linear 
operators on Banach spaces. For this purpose, we take two opposite views. 
Vi. We start with a solution t h-» T(t) of the above functional equation (FE) and ask 
which assumptions imply that it is differentiable and satisfies a differential equation. 
V2. We start with a differential equation and ask how its solution can be related to a 
family of mappings satisfying (FE). 
2. Cauchy's functional equation 
As a warm-up, we first consider the scalar-value case. 
Problem 2.1. [Cauchy, 1821] Find all maps T(~) : R+ —> € satisfying the functional 
equation 
(FE) 1 K J w w for all 15 > 0. [7X0) = 1 
Clearly, the exponential functions 
(EXP) t h» e'a 
satisfy (FE) for all a e C. Furthermore, these solutions should be all solutions of (FE). 
Proposition 2.2. Let T{t) : = eta for 
some a e C and all t > 0. Then the function T{t) is 
dijferentiable and satisfies the differential equation {or, more precisely, the initial value 
problem) 
(DE) —7X0 = aT{t) dt for t > 0 . 
/=o 
7X0) = 1 
Conversely, the function T(t) : IR+ -> C defined by T(t) = eta for some a e C is the only 
differentiate function satisfying (DE). Finally, we observe that a - T(t) 
It is clear that T(t) = eta is differentiate and satisfies (DE). To prove that T(t) = eta for 
some a e C is the only differentiabie function satisfying (DE), let x be another 
differentiable function satisfying (DE), then we have 
i(xe~'a) = x\t)e~'a - x(t).ae'la = ax{tym - x{t).ae',a = 0. 
So xe'ta is constant, it follows that x = ce'ta and by the initial condition, we have c = 1. 
This proposition shows that in our scalar-valued case, V2 can be answered easily using 
the exponential function. It is our main point that continuity is already sufficient to obtain 
differentiability in Vj. 
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Proposition 2.3. [3, Chapter 1.1] Let T(-): IR+ —> C be a continuous function satisfying 
(FE). Then T(t) is dijferentiable, and there exists a unique a e C such that (DE) holds. 
The combination of both results leads to a satisfactory answer to Cauchy's Problem 
1.1 given by the next theorem. 
Theorem 2.4. Let T(t) : R+ —> C be a continuous function satisfying (FE). Then there 
exists a unique a e C such that 
T(t) = e'a for all t>0. 
3. Finite-dimensional systems: Matrix semigroups 
In this section we pass to a more general setting and consider finite-dimensional 
vector spaces X := C". The space XXX) of all linear operators on X will then be identified 
with the space M„(C) of all complex n x n matrices, and a linear dynamical system on X 
will be given by a matrix-valued function 
T(-): R+ M„(C) 
satisfying the functional equation 
(FE) v J w w for all t, s>0. 
[7X0) = 1 
As before, the variable t will be interpreted as "time." The "time evolution" of a state 
xo e Xis then given by the function ^ : R+ —> X defined as 
^n(t) := T(t)x0. 
We also call {T(t)x(} :t> 0} the orbit ofx() under T(-). 
We can restate the Cauchy problem as follows. 
Problem 3.1. Find all maps T{') : R+ -> M„(C) satisfying the functional equation 
(FE). 
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Definition 3.2. [Peano, 1887] For any A e M„(C) and t e [R the matrix exponential etA 
is defined by 
co
 fk jk 
(3.1) 
Taking any norm on C" and the corresponding matrix-norm on M„(C) we can show 
that the series converges and satisfies 
(3.2) ||<?i| < em 
for all t> 0. Indeed, we have 
i ^ i i = i | 11 < f p ^ i < f ^ n A j r
 = et\\A\\ 
k=0 k- k=0 k- k=0 k-
Moreover, the map t h-> e'A has the following properties. 
Proposition 3.3. [3, Chapter 1.2] For any A e M„(C) the map 
M„(C) 
is continuous and satisfies 
f e w = e'AesA (FE) j fort,s> 0. 
Obviously, the range of the function t \-> e'A in M„(C) is a commutative semigroup of 
matrices depending continuously on the parameter t e IR+. In fact, this is a 
straightforward consequence of the following decisive property: 
The mapping t T(t) is a homomorphism from the additive semigroup (IR+, +) into 
the multiplicative semigroup (M„(C),.). 
Definition 3.4. We call (e'A)t>o the (one-parameter) semigroup generated by the matrix 
A e M„(C). 
In fact, there is no need in definition 3.4 to restrict the parameter t to R+. The 
definition, the continuity, and the functional equation (FE) hold for any real or complex t. 
Then the map T(-) : t h-» e'A extends to a continuous homomorphism from the additive 
group (R,+) or (C,+) into the multiplicative group GL(ra,C) of all invertible, complex 
n x n matrices (It is clear that for each etA, etA is its inverse). We call (etA)teR the (one-
parameter) group generated by A. 
Examples 3.5. (i) The (semi) group generated by a diagonal matrix 
A = diag(a\,.. ,,a„) is given by etA = diag(e'a' ,...,e'"n). 
(ii) Consider the matrix: 
N = 
0 1 0 ••• 0^ 
0 0 1 '•. ! 
: '•. '•. '•. 0 
: '•. '•. 1 
0 0 0 Jkxk 
A 
Then the k power of N is zero, and the power series (3.1) becomes 
(3.3) etN = 
< 4 
0 1 t 
0 
tk~2 (k-2)! 
0 1 /kxk 
(iii) Consider the case of a kxk Jordan block 
rX 1 0 ••• 0^ 
o a i '•. ; 
'•. '•. o 
'•. '•. i 
0 A J kxk 
10 
with the eigenvalue l e C . Decompose A into a sum A = D + N where D = AI and N like 
above. Since D and N commute, we obtain 
(3.4) e'A=eae!N. 
For arbitrary matrix A, the direct computation of etA (using the above definition) is 
very difficult if not impossible. Fortunately, thanks to the existence of Jordan normal 
form, the following lemma shows that in a certain sense the Examples 2.5.(i) and (iii) 
suffice. 
Lemma 3.6. Let B e M„(C) and take an invertible matrix S e M„(C). Then the (semi) 
-h group generated by the matrix A : = S~ BS is given by 
JA _ Q - l t B c e = o e o. 
This lemma can be easily proved by substituting A by S ~'BS in e'A and noting that 
s-'s = i. 
Since we know that any complex n x n matrix is similar to a direct sum of Jordan 
blocks, i.e., can be written in the form: 
A=S']BS 
where B = 
A. 
At = 
/L 1 0 
n 3 1 \J /L. L 
0 A 
and Ai s are distinct 
Un 
eigenvalues of B, then etA = S~'etBS and 
(JA, 
e'
B
 = 
e'
A
* 
11 
So we conclude that any matrix (semi) group is similar to a direct sum of (semi) 
groups as in Example 2.5.(iii). 
Examples 3.7. [See also 7] Take an arbitrary 2 x 2 matrix A = <a b^ 
\ C DJ 
, define 
S := ad - be, r := a + d, and take y e C such that y2 = ^(r2 - 4e>), then the (semi) group 
generated by A is given by the matrices: 
(3-5) e'A=< 
e'
r/\yrsinh(ty)A + (cosh(ty) - 2 ^ s i n h ( t y ) ) I i f y * o 
e"
l2(tA + (\-ty2)I) if y = 0. 
For example, if A 
0 1 
- 1 0 
, then 5 = 1, r = 0, and y = i. So: 
tA 
rle"-e'"f0 P f J' . 
- 1 0 
+ 
e + e 
\ 
.1 
' J 
0 sin(0 
- sin(0 0 + 
Similarly, for A = 
r0
 tA f cosh(/) sinh(0A 
V1 0y 
, e = 
• n 
- i - i j -
JA 
sinh(Z) cosh(/) 
1 + t t x 
-t 1 -t 
cos (t) 0 
0 cos(0, 
, and 
cos(0 sin(0 
- sin(t) cos(t) 
From Proposition 3.3, we know that the matrix exponential functions t h-> e/A are 
continuous and satisfy the functional equation (FE). Moreover, the further results as in 
the scalar-valued case also holds. 
Proposition 3.8. [3, Chapter 1.2] Let T(t) := etA for some A e M„(C). Then the 
function T(-) : 1R+ —» M„(C) is differentiate and satisfies the differential equation 
12 
(DE) lint) = AT{t) fort > 0 
[m=i 
Conversely, every differentiable function T(') : [R+ —> M„(C) satisfying (DE) is already of 
the form T(t) = e,A for some A e M„(C). Finally, we observe that A = 7" (0). 
Theorem 3.9. [3, Chapter 1.2] Let T(') : IR+ —> M„(C) be a continuous function 
satisfying (FE). Then there exists A e M„(C) such that T(t) = etA for all t > 0. 
With this theorem we have characterized all continuous one-parameter (semi) group 
on C" as matrix-valued exponential functions {etA)t>o. We are now interested in the 
qualitative behavior, in particular as t —» co, of etA. Convergence, boundedness, and 
unboundedness as t -» oo are properties of (etA)t>o which have natural interpretations in 
terms of dynamical systems. 
In case we have an explicit formula for e'A, we may try to check these properties 
directly. However, these cases are rather rare, and therefore it is important to understand 
the influence of properties of the matrix A on etA without explicitly calculating etA. 
Let us call a continuous one-parameter semigroup (elA)t>o stable if 
l im| |e i | = 0, 
/—>00 
where ||.|| stands for any matrix norm on M„(C). 
The classical Liapunov stability theorem now characterizes the stability of (etA)t>o in 
terms of the location of the eigenvalues of A. 
Theorem 3.10. Let (elA)t>o be the one-parameter semigroup generated by A e M„(C). 
Then the following assertions are equivalent. 
(i) The semigroup is stable. 
13 
(ii) All eigenvalues of A have negative real part. 
Corollary 3.11. For the semigroup (etA)t>o generated by the matrix A e M„(C), the 
following assertions are equivalent. 
(i) The semigroup is bounded, i.e., \\e'A\\ < M for all t> 0 and some M> 1. 
(ii) All eigenvalues A, of A satisfy Re A < 0, and whenever Re A = 0, then A is a simple 
eigenvalue. 
4. Uniformly continuous operator semigroups on a Banach space 
In the previous section, we consider semigroups in the scalar case and the matrix case, 
i.e., semigroups in finite-dimensional spaces. We now turn our attention to dynamical 
systems (or semigroups) on (possibly) infinite-dimensional spaces. In order to do that, we 
first might need to recall some important basic results from operator theory presented in 
the Appendix. 
With these concepts in mind, we can restate Cauchy's question in this new context. 
Problem 4.1. Find all maps T('): !R+ —> £(X) satisfying the functional equation 
{T(t + s) = T(t)T(s) for allt,s > 0 
|T(0) = I 
where £{X) is the space of all bounded linear operators in X. 
As observed, for every function T(-) : R+ £{X) satisfying (FE) the set {T(t) : t > 0} 
is a commutative subsemigroup of (£(X),.). In addition, the map t H> T{t) is a 
homomorphism from (R+,+) into (£(X),.). The functional equation (FE) is called the 
semigroup law and the next definition follows. 
Definition 4.2. A family of (T(t))t>o of bounded linear operators on a Banach space X 
is called a (one-parameter) semigroup (or linear dynamical system) on X if it satisfies the 
14 
functional equation (FE). If (FE) holds for all t, s e [R, we call (T(t))teR a (one-
parameter)I group on X. 
Definition 4.3. A one-parameter semigroup (7\t))t>o on a Banach space X is called 
uniformly continuous (or norm continuous) if 
IR+ 3 t\-> T(t) e £(X) 
is continuous with respect to the uniform operator topology on £(X). 
i.e., given any e> 0, we have 
lim || T(s) - T(t) ||= 0 for s,t > 0. j-w 
Since - T(t)\\ = ||T(0(^ - 0 -I)\\ = IMI-II^' -1) - 4 
Then we also have 
lim || T{t) - 11|= 0 for t > 0. 
Theorem 4.4. Every uniformly continuous semigroup (T(t))t>o on a Banach space X is 
of the form 
T(t)=e'A, t> 0, 
for some bounded operators A € £(X). 
PROOF. See also [3], [4] and [6]. Let A be bounded linear operator on Xand set 
fk Ak 
(3.4) T ( t ) = e ' A : = Y } ^ r . 
k=o ^ 
We first prove that for any A, the map t -» T(t) is continuous and satisfies (FE). 
The right-hand side of (3.4) converges in norm for every t > 0 and defines a bounded 
linear operator T(t) for each such t, since A is a bounded linear operator and 
Ak(ax + by) = aAk(x) + bAk(y), 
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so T{t)(ax + by) = aT(t)x + bT{t)y for each t > 0. 
It is clear that 7(0) = I and we have 
y tkAk y skAk
 = yyf~kAn~k skAk = ^(t + s)nAn 
h k\ 'h k\ ~hh{n-k)\ k\ n\ 
So (FE) is proved. In order to show that t -» etA is continuous, we first observe that by 
(FE), we have: 
e^-e
tA
 = e
tA{ehA-I) 
for all t,h e R+. Therefore, it suffices to show that lim^Q ehA = / . This verification 
follows from the estimate 
ehA~A\ = 
,hkAk 
tt k\ 
,f\h\k\\A\\k _
 W,|U„ 
6 k\ 
-1. 
Let h 0, it is clear that T(h) is a uniformly continuous semigroup of bounded linear 
operators o n J . 
Now we prove that the map T(-) is differentiable and satisfies the differential equation 
(DE) \iT(t) = AT(t) 
12X0) = / for t > 0 
and conversely, every differentiable function T(-) : [R+ X(X) satisfying (DE) is already 
of the form T(t) = etA for some/i e £(X). 
By (FE), we have: 
T(t + h)~ T(t) _ T(h) - / 
h h •Tit) 
for all t,h e [R+, (DE) is proved if lirn TW-I /i->0 h = A. This fact follows from 
T(h)-I 
-A 
k=2 
1 hI ' • 1MI 
k\ 
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J'-I IMI _i 
= , , - M i l - > 0 a s A - > 0 . | h\ 
Let S(') : [R+ —» £(X) be another differentiable function satisfying (DE). Then the new 
function Q{-) : [0,r] -» £{X) defined by 
Q(s) := T(s) S(t - s) for 0 < 5 < t 
for some fixed t > 0 is differentiable with derivative d/(ls Q(s) = 0 (note that A and etA 
always commute). This shows that 
T(t) = Q(t) = Q(0) = S(t) for arbitrary t > 0. 
So if there is a differentiable function T(-) satisfying (DE), then it is already in the 
form 
tk Ak 
We now show that if T(') : IR+ £(X) is a continuous function satisfying (FE), then 
T(t) is differentiable and there exists a unique A € £(X) such that (DE) holds. 
Since T(~) is continuous on 1R+, the operator ¥(•) 
t 
F(t) := fT(s)ds, t > 0 
o 
is well-defined and Y,V(t) converges (in norm) to 7(0) = / as t —> 0 (see Appendix A. 10). 
Hence for t > 0 sufficiently small, the operator V(t) becomes invertible. 
The functional equation (FE) now yields 
<0 
7X0 = v(t0y] v(t0)m = v(t0yl \T(t + s)ds 
o 
t+t„ 
= V(tQyl \T(s)ds = V(toy (V(t +10) - V(t)) 
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for all t> 0. Hence T(-) is differentiable with derivative 
£7X0 = lim dt v
 ' hio 
T(t + h)-T(t) 
h 
= lim Uo 
T(h)-T( 0) 
h 
7X0 = 7" (0)7(0 for all £ > 0 
It follows that T(-) satisfies (DE) with J := T'(0). • 
By this theorem, we characterize uniformly continuous one-parameter semigroups of 
linear operators on Banach spaces. One natural question then arises. 
Problem 4.5. Do there exist "natural" one-parameter semigroups of linear operators 
on Banach spaces that are not uniformly continuous? 
The answer is yes! 
Before exploring the theoretical aspect, we first discuss several classes of one-
parameter semigroups on concrete spaces. These semigroups will not be uniformly 
continuous and hence not of the form (e'A)t>o for some bounded operator A, 
5. More semigroups 
a. Multiplication semigroups on Co(Q) 
We start by considering the Banach space (with sup-norm) 
Cq(Q):= { / e C(Q) : for all £•> 0 there exists a compact Kea Q 
of all continuous, complex-valued functions on some locally compact space Q that 
vanish at infinity. We might always take Q to be a bounded or unbounded interval in IR. 
To any continuous function q : Q - > C we now associate a linear operator Mq defined on 
its "maximal domain" D(Mq) in Cq(Q ). 
such that \f{s)\ < efor all 5 e Q \ Ks) 
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Definition 5.1. The multiplication operator Mq induced on Co(Q) by some continuous 
function q : Q —> C is defined by 
Mqf := q.f for all f in the domain 
D(Mq) := { f e C 0 ( Q ) : q . f e C 0 ( Q ) } . 
The main feature of these multiplication operators is that most operator-theoretic 
properties of Mq can be characterized by analogous properties of the function q. 
Proposition 5.2. [3, Chapter 1.4] Let Mq with domain D(Mq) be the multiplication 
operator induced on Co( CI) by some continuous function q. Then the following assertions 
hold. 
(i) The operator (Mq, D(Mq)) is closed and densely defined. 
(ii) The operator Mq is bounded (with D(Mq) - Co(O)) if and only if the function q is 
bounded. In that case, one has 
\\Mq\\ = ||<?|| := sup|#(s)|. isn 
(iii) The operator Mq has a bounded inverse if and only if the function q has a 
bounded inverse x/q, i.e., 0 g g(Q). In that case, one has 
m;1 =mv. 
* A 
To any continuous function q : Q —> C we now associate the exponential function 
e
tq
:s \-> etq(s) for .v e Q, ? > 0. 
It is then immediate that the corresponding multiplication operators 
Tq(tV:=e'gf / e C o ( O ) , 
formally satisfy the semigroup law (FE). So, in order to obtain a one-parameter 
semigroup on Cq( Q), we have only to make sure that these multiplication operators Tq(t) 
19 
are bounded operators on Co(Q). Using Proposition 5.2.(ii), we see that this is the case if 
and only if 
sup | etq^\ = sup etRe e'suPie!i Re<?(s) < oo. 
sen sen 
This observation leads to the following definition. 
Definition 5.3. Let q : Q -» C be a continuous function such that 
sup Re q(s\ < oo. 
sen 
Then the semigroup (Tq(t))t>o defined by 
Tq(t]f:= e'f 
for t > 0 and / e Co(Q) is called the multiplication semigroup generated by the 
multiplication operator Mq (or, the function q) on Co(fl). 
Proposition 5.4. [3, Chapter 1.4] The multiplication semigroup (Tq(t))t>o generated by 
q : Q —> C is uniformly continuous if and only if q is bounded. 
This proposition means that for every unbounded continuous function q : Q—» C 
satisfying 
sup Re q(s) < oo 
sen 
we obtain a one-parameter semigroup that is not uniformly continuous, hence to which 
Theorem 4.4 does not apply. However, this still has a nice continuity property. 
Proposition 5.5. [3, Chapter 1.4] Let {Tq(t)),>o be the multiplication semigroup 
generated by a continuous function q : satisfying 
sup Re q(s) < oo, 
sen then the mappings 
20 
R+ 3 t H> Tq(ty= etqfe C0(Q) 
are continuous for every f e Co( Q). 
We will see that this continuity property is the condition for a so-called "strongly 
continuous semigroup". Conversely, we have: 
Proposition 5.6. [3, Chapter 1.4] For t > 0, let mt : f2-» C be bounded continuous 
functions and assume that 
(i) the corresponding multiplication operators 
T(t]f= m,f 
form a semigroup {T(t))t> o of bounded operators on Co(Q), and 
(ii) the mappings 
[R+3/h> T(t)fe Co(fi) 
are continuous for every f e Co( O). 
Then there exists a continuous function q : Q —> C satisfying 
sup Re q(s) < oo 
Jen 
such that mt(s) = etq{s) for every s e Q, t>0. 
This proposition guarantees that strongly continuous semigroups (T(f))t>o of bounded 
operators on Co( Q ) are all of the form etq{s} for some continuous function q with a real 
part bounded above. 
Examples 5.7. (i) On a compact space, every multiplication operator given by a 
continuous function is already bounded, and hence every multiplication semigroup is 
uniformly continuous. 
(ii) For Q := N each complex sequence (qn)n^n c: C defines a multiplication operator 
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(fin- I 
on the space Co(Q) = Co (where Co is the space of all sequences of points in some Banach 
space X having limit zero). This operator A will then generate the multiplication 
semigroup T(t)( xn)ne^ = (eq"'. For qn := in we obtain a group of isometries 
T(t)( xn)nefn = (emt Xn)„eN, t e R 
and for qn\ = - n we obtain a semigroup of contractions 
T(t)(xn)n^ = (e-"1'xn)n^, t> 0. 
(iii) Take Q = {1,2, ,m} to be a finite set. Then Co(O) is simply Cm, and the 
multiplication operator (xn) i-^ (qn.x„) corresponds to the diagonal matrix 
A = diagiqi, ....,qm). The corresponding multiplication semigroup is given by 
e
tA
 = diag(e,qi ,....,et<!m) as in example 2.5(i). 
b. Translation semigroups 
Definition 5.8. For a function f : R —» C and t>0,we call 
(Tit)f)(s) := f[s + t), se R, 
the left translation (off by t), while 
(Tr(f)f)(s) •= As -t), s€ R, 
is the right translation (of fby t). 
It is immediately clear that the operators Ti(t) and Tr(f) satisfy the semigroup law (FE). 
We have only to choose appropriate function spaces to produce one-parameter operator 
semigroups. For that purpose, we start with spaces of continuous or integrable functions 
onR. 
Translation on R. As a Banach space X we take one of the spaces 
• Xm\= L°°(R) of all bounded, measurable functions on R 
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• := Cb(!R) of all bounded, continuous functions on IR 
• Xub := Cub(IR) of all bounded, uniformly continuous functions on IR 
• Xo := Co(IR) of all continuous functions on IR vanishing at infinity 
all endowed with sup-norm ||*[|oo, or we take the spaces 
• Xp := I/(IR), 1 < p < oo, of all /?-integrable functions on IR 
endowed with the corresponding p-norm ||.||p. 
Then the left translation operator 7/(7) is an isometry on each of these spaces, having 
as inverse the right translation operator Tr(t). The meaning is that (Ti(t]f}teir and {Tr(t\f)t&R 
form one-parameter groups on X, called the (left or right) translation group. We then 
have an easy-to-prove proposition. 
Proposition 5.9. The translation group (Ti(t)f)teR is not uniformly continuous on any 
of the above spaces, while 
Ti(tye L°°(R) 
is continuous for the sup-norm only for f e Xub. Finally, 
IR a f h> (Ti(t)f)(s) e € 
is continuous for each f e X\> and s e R . 
It is clear that the translation group (Ti(t)f)te<R is continuous for the sup-norm only for 
f e Xub is true by definition and by noting that each / is bounded and uniformly 
continuous on IR. For each / e Xb and i e R, since/is bounded and continuous then the 
assertion follows easily. Finally, the fact that the translation group (Ti(t}f),etR is not 
uniformly continuous on any of the above spaces can be proved by counterexamples. 
We now consider functions defined on R+ only. 
Translation on R+. Let X denote one of the spaces 
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• Xo := L^R-i-) of all bounded, measurable functions on IR + 
• Xb := Cb(R+) of all bounded, continuous functions on R+ 
• Xub := Cub(R+) of all bounded, uniformly continuous functions on R+ 
• Xo := Co(R+) of all continuous functions on R vanishing at infinity R+ 
• Xp := I/(R+), 1 < p < oo, of all /?-integrable functions on R+ 
and observe that the left translation 7/(0 are well-defined contractions on these spaces, 
i.e., there exists a k, 0 < k < 1, such that \\Ti(t)x - Ti{t)y\\ < Aj|x - y\\ for all x,y in X. For 
example, if we consider Xb, then 
sup + t) - g(s + 01 = sup I As) - g(s)| < sup | As) - g(s)l, 
s > 0 s>l si. 0 
then it follows that 7/(0 is a contraction on Xb. The statement can be shown similarly for 
other spaces. 
Now note that 7/(0 yield a semigroup only, called the left translation semigroup 
(T iW)^ on R+. 
For the right translation 7X0, however, the value (Tr(t)f){s) = f(s - t) is not defined if 
s -1 < 0. To overcome this obstacle, we put 
\f{s-t) fors-t > 0 /T1 I J v ' J 
^^""1/(0) fors-,< 0 
f o r / e X = Xb, Xub, Xo, and 
(Tr{t)f)(s):= 
[0 fors-t <0 
for f e Xp. In this way, we again obtain semigroups of contractions on X called the right 
translation semigroups (Tr(t)),>o on R+. Clearly, the continuity properties stated in the 
above Proposition hold. 
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Even on function spaces on finite intervals, we can define translation semigroups. 
Translations on finite intervals. If we take the Banach space C[a,b~] and look at the 
left translations, we have to specify the values (Ti(t)f)(s) for s + t > b. Imitating the idea 
above, we put 
f / 0 + 0 for s + t <b 
\f(b) for s + t >b. 
By the similar definition, involving fixing the value at the left endpoint, we obtain a 
right translation semigroup on the space C[a,b~\. 
On the Banach space lf[a,b\, 1 < p < GO, we can modify this definition by taking 
i f ( s + t) for s + t <b 
[0 fors + t > b 
and again this yields a semigroup. However, this semigroup vanishes for t > b - a. 
Proposition 5.10. [See Appendix A. 11] The left translation semigroup (Ti(t))t>o is 
nilpotent on If[a,b], that is, 
7X0 = 0 for all t > b - a. 
We finished this chapter by considering some examples of "natural" semigroups that 
are evidently not uniformly continuous. The answer for Problem 4.5 is still open and is 
going to be presented in the next chapter. 
CHAPTER II 
Strongly continuous semigroups 
1. Strongly continuous semigroups on functional spaces 
As we have seen by various examples in chapter I, uniform continuity is too strong a 
requirement for many natural semigroups defined on concrete functional spaces. Instead, 
"strong" continuity holds in most cases. We take this fact as a motivation for a systematic 
investigation of such semigroups on abstract Banach spaces. 
Definition 1.1. A family (T(t))t>o of bounded linear operators on a Banach space X is 
called a strongly continuous (one-parameter) semigroup if it satisfies the functional 
equation (FE) and is strongly continuous. 
i.e., (T(t))t>o is a strongly continuous semigroup if the functional equation 
| r ( ? + 5 ) = r ( o r ( s ) foraiit,s> o 
| r ( 0 ) = / 
holds and the orbit maps 
(SC) fx:t»fx(t):=T(t)x 
are continuous from 1R+ into X for every x e X. 
If these properties hold for R instead of R+, we call (T(t))te<R a strongly continuous 
(ione-parameter) group on X. 
a. Basic properties 
We first obtain that the continuity of the orbit maps 
£ : f i-> T(t)x 
at each t > 0 and for each x e Xis already implied by much weaker properties. 
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Proposition 1.2. For a semigroup (T(t))t>o on a Banach space X, the following 
assertions are equivalent. 
(a) (T(t))t>o is strongly continuous. 
(b) Hm(^ 0 T(t)x = x for all x e X. 
(c) There exist 8> 0, M>\, and dense subset D a Xsuch that 
(i)\\T(t)\\<Mforallte[0, S\, 
(ii) Hm^0 T(t)x = x for all x e D. 
PROOF. The implication (a) => (c.ii) is trivial. In order to prove that (a) => (c.i), we 
note that since {T(t))t>o is strongly continuous, then for each x e X, T(t)x is a continuous 
function on a compact set [0, S\, hence bounded, i.e., 
||r(0x|| <MX for all t e [0, 5\. 
By uniform boundedness theorem (See Appendix A.9), it follows that 
| | r(0| | <Mfor all t e [0, 5\. 
In order to verify that (c) => (b), we note that it is obvious for x e D. Since D is dense 
i n X , then for each x e X\D, there exists e D such that l im^^x r i = x. Then we 
have 
0 < ||r(0x - x|| < | |r(0x - T(i)xn|| + \\T(t)xn -xn\\ + ||x„ - x | | 
= | | 7 ( 0 | | . | | * - X « | | + | | r(0x„-x„| | + | |JC„ — JC| | 
So as t -» 0 and n -» oo, it follows that 
lim || 7X0*-x | |=0, 
tio 
hence lim^0 T(t)x = x for all x e X. 
To show that (b) => (a), let to > 0 and let x e X. Then 
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lim || T(t0 + h)x - T(t0)x ||<|| T(t0) || .lim || T(h)x - x ||= 0 
which proves right continuity. If h < 0, the estimate 
0 <|| T(t0 + h)x - T(t0)x ||<|| T(t0 + A) ||. || x - T(-h)x || 
implies left continuity as h t O whenever ||r(0|| remains bounded for t e [0,/q]- This 
follows from (c.i) verified above. • 
Since in many cases the uniform boundedness of the operators T(t) for t e [0, is 
obvious, one obtains strong continuity by checking (right) continuity of the orbit map 
at t = 0 for a dense set of "nice" elements x e X only. We demonstrate the advantage of 
this procedure for the translation semigroup on L/([R). 
Example 1.3. The (left) translation group is strongly continuous on L/(IR) for \<p<co. 
In order to show this, we note that each T(t) is an isometry, so (T(t))t>o is uniformly 
bounded on IR. Now take a continuous function/on R with compact support and observe 
that it is uniformly continuous. Therefore, 
lim || 7 ( 0 / " / IL= Hmsup | f(t + s)- f(s) |= 0 
<4-0 (-1-0
 seR 
and since the />-norm (for functions on bounded intervals) is weaker, 
l i m | | 7 W - / | | p = 0 . 
Since the continuous functions with compact support are dense in I/(R) for all 1 <p<<x>, 
the assertion now follows from the adaptation of Proposition 1.2 to groups. • 
We repeat that for a strongly continuous semigroup {T(t))t>o the finite orbits 
{710* : t e [0,?0]} 
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are continuous images of a compact interval, hence compact and therefore bounded for 
each x e X. So by the uniform boundedness theorem, each strongly continuous 
semigroup is uniformly bounded on each compact interval, a fact that implies exponential 
boundedness on [R+. 
Proposition 1.4. For every strongly continuous semigroup (T(t))t>o, there exist 
constants weR and M> 1 such that 
(1.1) ||r(0|| <Mewt 
for all t > 0. 
PROOF. Choose M > 1 such that ||r(s)|| < M for all 0 < 5 < 1 and write t > 0 as 
t = s + n for n e N u {0} and 0 < 5 < 1. Then 
| | r ( o | | < | | r ( 5 ) | | . | | r ( i ) i r < ^ + / 
= MenAogM < Mewt 
holds for w := logM and each t> 0. • 
Definition 1.5. For a strongly continuous semigroup 3 = (T(t))t>o, we call 
w0 := w0(3) := inf {w e R: there exists Mw > 1 such that ||T(0|| < Mwewt for all t> 0} 
its growth bound (or type). Moreover, a semigroup is called bounded if we can take 
w = 0 in (1.1), hence ||7T(Y)|| ^ M for all t > 0, and contractive if w = 0 and M = 1 is 
possible, i.e., 11T(t)\| < 1 for all t > 0. Finally, the semigroup (T(t))t>o is called isometric if 
| |r(0x|| = \\x\\for allt> 0 andx e X. 
In the following examples, we show that 
• wo = -oo may occur, 
• the infimum in Definition 1.5 may not be attained, and 
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• constants M > 1 may be necessary. 
Examples 1.6. (i) By Proposition 1.4, we always have wo < oo, while wo = -co holds 
for each nilpotent strongly continuous semigroup, e.g., the left translation semigroup on 
L][0,1]. The reason is that because we have T^t) = 0 for t > 1, so the fact that 
||7/(0||= 0 < Mewt for all f > 0 
is true for all w in IR, hence wo = inf{w e R} = -oo. 
(ii) For the semigroup defined by the matrices 
m := 
' 1 ^ 
v0 ly 
on X := €2. Assume that | |r(0| |= max |a,y| where ay s are entries of T{t). 
If t < 1, then we can choose M = 1 and w = 0. Otherwise, for each w arbitrarily closed to 
zero, we can choose M large enough to obtain 
\\T(t)\\<Mwewl 
(since exponential function "grows" much faster than t), so wq = inf{w > 0} = 0, but 
lim^M || T(t) ||= oo ,i.e., (T(t))t>0 is not bounded. 
(iii) TakeX := L'(R) and define a translation semigroup "with jump" by 
[2/(5 + 0 z / , s eH ,0 ] 
( m o w - ' L 
[j(s + t) otherwise. 
Then (T(t))t>o is a strongly continuous semigroup with H^XOIH 2 for each t > 0. Let 
V ] = i f * e [ ° > t ] eL ' (R) . [0 elsewhere 
We have I= 2||l[o,r]||, hence (T(t))t>o is bounded, but no matter how big we choose 
w in (1.1) it is not possible to takeM^ 1. 
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b. Standard constructions 
There are various ways to construct a new strongly continuous semigroup from a 
given one. Here we just introduce two important constructed semigroups. 
Note that in the following, we always assume that (T(t))t>o is a strongly continuous 
semigroup on a Banach space X. 
Similar semigroups. Given another Banach space Y and an isomorphism V from Y 
onto X, we obtain a new strongly continuous semigroup (S(t))t>o on Y, called similar to 
(T(t))t>o , by defining 
S i f j - V ' T i t W for t > 0 . 
Without explicit reference to the isomorphism V, we call the two semigroups (T(f))t>o 
and (S(t))f>o isomorphic. 
Rescaled semigroups. For any number ju e C and a > 0, we define the rescaled 
semigroup (S(t))t>o by 
S(t) •= e*T(cd) for t > 0. 
2. Generators of semigroups and their resolvents 
In the last chapter, we characterized every uniformly continuous semigroup (T(t))t>o 
on a Banach space X as an operator-valued exponential function, i.e., we found an 
operator A e £(X) such that 
T(t) = etA 
for all t > 0. For strongly continuous semigroups, we will succeed in defining an analogue 
of A, called the generator of the semigroup. It will be a linear, but generally unbounded, 
operator defined only on a dense subspace D(A) of the Banach spaced In order to obtain 
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the semigroup (T(t))t>o from its generator (A,D(A)), we will need a third object, namely 
the resolvent operator R(X, A) defined as below. 
Definition 2.1. We call 
p(A) := { X e C : X - A : D(A) Xis bijective} 
the resolvent set and its complement a(A) := C\ p(A) the spectrum of A. 
For X e p(A), the inverse 
R(X, A) :=(X-Ayl 
is, by closed graph theorem, a bounded operator on X and will be called the resolvent (of 
A at the point X). 
To show that R(X, A) is bounded, note that A is closed, hence (X - A) is closed, so 
(X - A)'1 is closed. In addition, (X - A)'1: X —> D(A) with Xi s a Banach space. So by the 
closed graph theorem [see Appendix A. 8], R(X, A) is bounded. 
To find and discuss the various relations between these objects is the theme of this 
chapter, which can be illustrated by the following triangle. 
(T(t)U 
Semigroup 
(A,D(A)) (R(X,A))^p(A) 
Figure 2. Relationship between Semigroup, its generator and its resolvent. 
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We recall that for a one-parameter semigroup (T(t))t>o on a Banach space X, uniform 
continuity implies differentiability of the map t h-» T(t) e £(X) . The right derivative of 
T(-) at t - 0 then yields a bounded operator A with T(t) = etA for all t > 0 . 
In this new situation, we hope that strong continuity of a semigroup (T(t))t>o might still 
imply some differentiability of the orbit maps 
4x:tt-> T(t)x e X . 
In order to pursue this idea we first confirm that the differentiability of is already 
implied by the right differentiability at t = 0. 
Lemma 2.2. Take a strongly continuous semigroup (T(t))t>o and an element x e X. 
For the orbit map %x:t (-> T(t)x, the following properties are equivalent. 
(a) (•) is differentiable on [R+. 
(b) E,x (•) is right differentiable at t = 0. 
PROOF. We have only to show that (b) implies (a). For h > 0, one has 
lim UT{t + h)x - T(t)x) = T{t)\imUT(h)x - x) /ilo " /i4o " 
=mg( ox 
and hence is right differentiable on R+. 
On the other hand, for -t < h < 0, we write 
1 (T{t + h)x - T(t)x) - T(t)£ (0) = T(t + h)(j (x - T(-h)x) - g (0)) 
+T(t+h)g(o)-mg(o). 
As h t o , the first term in the right-hand side converges to zero, since ||T(t + h)|| 
remains bounded (as t is fixed). The remaining part converges to zero by the strong 
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continuity of (T(t))t>o. Hence, t,x is also left differentiable, and its derivative is 
£ ( 0 = r ( 0 £ ( 0 ) 
for each t > 0. • 
On the subspace of X consisting of all those x e X for which the orbit maps are 
differentiable, the right derivative at t = 0 then yields an operator A from which we can 
hope to obtain the operators T(t) as the "exponentials etA ". So we have the following 
definition. 
Definition 2.3. The generator A : D(A) czX-^>Xofa strongly continuous semigroup 
(T(t))t>o on a Banach space X is the operator 
(2.1) Ax:= gx(0) = \im\(T(h)x-x) /i-lo 
defined for every x in its domain 
(2.2) D(A) = {x e X : £ is differentiable}. 
We observe from Lemma 2.2 that the domain D(A) is also given as the set of all 
elements x e Xfor which ^ (•) is right differentiable at t = 0, i.e., 
(2.3) D(A) = { x e l : \xm\(T(h)x-x) exists}. 
/LIO 
The domain D(A), which is a linear subspace, is an essential part of the definition of the 
generator A. Accordingly, we should always denote it by the pair (A,D(A)), but for the 
convenience, we often only write A and assume implicitly the its domain is given by 
(2.3). 
The operator (A,D(A)) has reasonable properties. 
Lemma 2.4. For the generator (A,D(A)) of a strongly continuous semigroup (T(t))t>o, 
the following properties hold. 
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(i) A : D(A) czX^>Xis a linear operator. 
(ii) I f x e D(A), then T(t)x e D(A) and 
(2.4) j;T(t)x = T{t)Ax = AT{t)x forallt>0. 
(iii) For every t> 0 and x e X, one has 
t 
Jr(s)xA e D{A). 
o 
(iv) For every t> 0, one has 
t 
(2.5) T(t)x - x = A $T(s)xds i f x e X, 
o 
t 
(2.6) = i f x e £>(,4). 
o 
PROOF. Assertion (i) is trivial. To prove (ii) take x e D(A). Then 
lim ±(T(t + h)x - T(t)x) = T(t)\im\(T(h)x -x) = T(t)^(0) = T(t)Ax. 
So X (r(? + h)x - T(t)x) converges to T(t)Ax as h -> 0. Therefore, 
l im \ (T{h )T( t ) x -T{ t ) x ) 
hi0 " 
oi/ A . _ T~\/ t^-. \ J F- 11 j-1-
exists, ana nence i (r)x e u(/i) oy (z.j j anu ii loiiows uiai 
limf (T(h)T(t)x - T(t)x) = AT{t)x ZiO 
and A T{t)x = T(t)Ax. 
The proof of assertion (iii) is included in the following proof of (iv). For x e X and 
t > 0, we have 
1 1 ' 1 ' T(h) ^T(s)xds - ^T{s)xds = - JV(s + h)xds - — $T(s)xds 
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1 l+h 1 ' 
= — JT(s)xds— |r(5)x<is 
h i, K 
j t+h | h 
=— - — J r ^ x ^ 
which converges to T(t)x - x as h —» 0 [Similar to the proof in Appendix A. 10]. Hence 
(2.5) holds. 
If x e D(A), then the function 
h 
converges uniformly on [0,/] to the function s M> T(s)Ax as h —> 0. Note that 
T(t)T(s) = T(t + s) = T(s + 0 = T(s)T(t). 
Therefore, 
1 ' ' 1 ' 
l im- (T (h ) -1) JT{s)xds = lim Jr(j)-(T(h) - I)xds = fr(s)Axds . • 
i'^0 h
 0
 hir0
 0 h 0 
With this lemma, we can show that the generator introduced in Definition 2.3, 
although unbounded in general, has nice properties. 
Theorem 2.5. The generator of a strongly continuous semigroup is a closed and 
densely defined linear operator that determines the semigroup uniquely. 
PROOF. Let (T(t))t>o be a strongly continuous semigroup on a Banach space X. As 
already noted, its generator (A,D(A)) is a linear operator. To show that A is closed, 
consider the sequence (x„)„6^j c D(A) for which lim,,^,.^,, = x and lim„ .^«y4x„ = y exists. 
By (2.6) in the previous lemma, we have 
t 
T(t)xn-xn = J:T(s)Axnds 
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for t > 0. The uniform convergence of T(')Ax„ on [0,;] for n —» oo implies that 
t 
T(t)x-x= \T{s)yds. 
o 
Multiplying both sides by x/t and taking the limit as t —» 0, we see that x e D(A) and 
Ax = y, i.e., A is closed. 
for every x e X, we conclude that is dense in X. 
Finally, let (S(t))f>o be another strongly continuous semigroup having the same 
generator (A,D(A)). For x e D(A) and t > 0, we consider the map 
for 0 < s < t. Since (T(7))/>o and (S(t))t>o are strongly continuous, by Lemma 2.4.(ii), we 
have 
-4-77 M = T(t - ,^AS(s\x -AT(t- s)S(s)x = 0 . 
as 'x^ s ~~; - \ s \ / \ / 
From T]x(0) = T(t)x and rjx(t) = S(t)x we obtain 
r(/)x = S(t)x 
for all x in the domain D(A), which is dense in X. Hence, T{t) = S(t) for each t > 0. [See 
Appendix A. 12 for more details]. • 
With these properties of the generator, now we can give a new characterization of 
uniformly continuous semigroups presented in the following corollary. 
By Lemma 2.4.(iii) the elements X always belong to D(A). Since the strong 
continuity of (T(t))t>o implies 
T(t-s)S(s)x 
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Corollary 2.6. [3, Chapter 1.5] For a strongly continuous semigroup (T(t))t>o on a 
Banach space X with generator (A, D(A)), the following assertions are equivalent. 
(a) The generator A is bounded, i.e., there exists M > 0 such that < M| |x| | for all 
x e D(A). 
(b) The domain D(A) is all ofX. 
(c) The domain D(A) is closed in X. 
(d) The semigroup (T(t))t>o is uniformly continuous. 
In each case, the semigroup is given by 
00
 t" A" 
T(t)=elA:= Y r A - ' ^ 
This equivalence can be easily illustrated by multiplication semigroups in Co(Q): 
The generator A = qf q is bounded <=> The multiplication semigroups is 
is bounded uniformly continuous. 
Now we introduce some basic spectral properties for generators of strongly continuous 
semigroups. Recall that 
spectrum o(A) := {A e C : X - A is notbijective}, 
resolvent set p(A) := and 
resolvent := (A - A)"' at A e p(A) 
for a closed operator (A,D(A)) on a Banach space X. 
Lemma 2.7. Let (A,D(A)) be the generator of a strongly continuous semigroup 
(T(t))& o. 
Then, for every A e C and t> 0, the following identities hold: 
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t 
(2.7) e-*'T(t)x-x = (A-A) fe^T^xds i f x e JC 
o 
t 
(2.8) = ^T(s){A-A)xds ifxeD(A). 
o 
PROOF. It suffices to apply Lemma 2.4.(iv) to the rescaled semigroup 
S(t) := eMT(t), t> 0, 
whose generator is B := A - A with domain D(B) = D(A). • 
Next, we give an important formula relating the semigroup to the resolvent of its 
generator. 
Theorem 2.8. Let (T(t))t>o be a strongly continuous semigroup on the Banach space X 
and take constants w e R , t f > l such that 
(2.9) II7WII <Mewl 
for t> 0. For the generator (A,D(A)) of (T(t))t> o the following properties hold. 
(i) If A e € such that 
R(A)x:= £e~*T(s)xds 
exists for allx e X, then A e p(A) and R(A,A) = R(A). 
(ii) If Re A> w, then A e p(A), and the resolvent is given by the integral expression in 
(i). 
(iii) | \R(AA)\\ < ^ for all Re A >w. 
PROOF, (i) By a simple rescaling argument, we may assume that A = 0. Then, for 
arbitrary x e X and h > 0, we have 
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m - i 
h 
R(0)x = T(h)-I ^T(s)xds 
2 00 J 00 
= — jr(s + h)xds — JT(s)xds 
h o ho 
j 00 ^ oo 
= — — Jr(5)x<is 
h i, ho 
1 '' 
= — jT{s)xds 
By taking the limit as h —» 0, we conclude that range R(0) c D(A) and AR(0) = -I. On the 
other hand, for x e D(A) we have 
i 
lim [T{s)xds = R(0)x 
/ - > o 0 J 
and 
i i 
lim A [T(s)xds = lim [T(s)Axds =R(0)Ax 
t—>00 J >00 J 
by Lemma 2.4.(iv). Since by Theorem 2.5, A is closed, this implies R(0)Ax = AR(0)x - -x 
and therefore R(0) = (-A)'1 as claimed. 
We have the estimate 
i i 
je'ZsT(s)ds <M $e{w~Re*)sds 
and since for ReA > w, the right-hand side converges to as t oo. So |[/?(/l)|| 
remains bounded, hence the limit (in the improper integral) exists, i.e., A e p(A), and the 
resolvent is given by R(A). (iii) follows easily from the estimate. • 
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We need to emphasize that by property (ii), if Re/l > w, then A e p{A), i.e., the 
resolvent set is contained in some proper right-half plane. So the spectrum of a semigroup 
generator is always contained in a left half-plane. 
The formula for R(AyA) in (i) is called the integral representation of the resolvent. And 
this integral has to be understood as an improper Riemann integral, i.e., 
t 
(2.10) R(AJ)x = lim fe~*T(s)xds for all x e X. /-»00 J 0 
Having in mind this interpretation, we will frequently write 
co 
(2.11) R(AJ) = \e-^T(s)ds. 
o 
The above integral representation can now be used to represent and estimate the 
powers of R(AyA). 
Corollary 2.9. For the generator (A,D(A)) of a strongly continuous semigroup 
(T(t))t> o satisfying 
\\T(t)\\<Mewt for all t>0 
one has, for Re A > w and n e N, that 
(2.12) R(AJ)"x = tlLl.^R(A,A)x (n-1)! dA 
1 (2.13) = | > 
for all x e X. In particular, the estimates 
M (2.14) \ m A T \ \ < (Re/l - w)n 
hold for all n e N and Re A > w. 
41 
PROOF. By Pazy [6, Chapter 1.9], if A is a closed and densely defined operator on X 
and let R(A^4) = (A - A)'1 be its resolvent, and if pi and A are in the resolvent set p(A) of 
A, then we have the resolvent identity 
R(AJ) - = A) R&A) R(VA)-
So we have 
- {R(A + M) - R(AM = -R(A + M) R(AJ). 
h 
As h -» 0, it follows that 
4tR(A,A) = -R\A,A). 
dA 
Hence —R2(A,A) = -2R(A,A) . ( -R 2 (A,A)) = 2R3(A,A). 
dA 
So by simple induction, we can obtain (2.12). 
In addition, 
d d °° °° d 00 
—R(A,A) = — (e~J-'T(s)ds = j—e^T(s)ds = {(-*)•£"~T\s)ds 
dA dA J JdA j 
ay y 
R(A,A) = (-(-s).e-*sr(s)ds = f(-s)2.e~"Jr(s)ds , J /12 J dA
 0
J
 dA 
So again (2.13) follows easily from induction. 
Finally, the estimate (2.14) follows from 
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(n-1)! 
x j 
js"-le-MT(s)xds 
(n-iy.f 
< 
M 
By doing integration by part, we obtain 
M 
(Re/l - w) 7.||x|| for all x € X. • 
Diagram 2.10. To conclude this section, we collect in a diagram the information 
obtained so far on the relations between a semigroup, its generator, and its resolvent. The 
direction of the arrows shows that we can get the operators on the arrowhead from one on 
its tail by performing the operation indicated on the arrow. 
(T(t))t>o 
Ax = lim^^ /4-0 
/ 
00 
R(AJ) = je'MT(t)dt, Re A > w0 
\ 0 
R(AA) = (A-Af 
(A,D(A)) 
A = A-R(AJ) 
Now we reconsider some examples in view of the new theory. 
3. Examples of semigroups and generators 
Let (T{t))t>Q be a strongly continuous semigroup with generator (A,D(A)) on a Banach 
space X. For each of the semigroups, we now characterize its generator and its resolvent. 
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a. Similar semigroups 
If V is an isomorphism from a Banach space Y onto X and (S(t))t>o is the strongly 
continuous semigroup on Ygiven by S(t) := V~'T{t)V, then its generator is 
B = V'AV with domain D(B) = {y e Y: Vy e D(A)} 
o(A) = o(B) and the resolvent of B is R(A,B) = FJR(AJ)F for A e p(A). 
b. Reseated semigroups 
The rescaled semigroup (e^T(cd))t>o for some fixed / / e C and a > 0 has generator 
B = aA+ /jI with domain D(A) = D(B) 
Moreover, o{B) = aa(A) + /u and R{A,B) = /aR((A~^,A) for A e p(B). 
c. Multiplication semigroups 
Recall that strongly continuous multiplication semigroups on spaces Co(Q) are 
multiplications by etq, t > 0, for some continuous function q : Q—» C with real part 
bounded above. This function also yields the generator of the semigroup. 
Lemma 3.1. [3, Chapter 2.2] The generator (A,D(A)) of a strongly continuous 
multiplication semigroup (T(t))t>oon X:= Co(Q.) defined by 
Tq(i)f:= etq.f feXandt>0, 
is given by the multiplication operator 
Af=M/:=q.f 
with domain D{A) = D(Mq) :={f e X: q.f e X} 
Now we can completely characterize the generators of strongly continuous 
multiplication semigroups. 
Proposition 3.2. [3, Chapter 1.5] For an operator (A,D(A)) on the Banach space 
Co( O,), the following assertions are equivalent. 
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(a) (A,D(A)) is the generator of a strongly continuous multiplication semigroup. 
(b) (A,D(A)) is a multiplication operator such that 
{A e C : Re l > w) c p(A) for some w e R . 
The remarkable feature of this proposition is the fact that the condition (b), which 
corresponds to the spectral condition (ii) from Theorem 2.8, already guarantees the 
existence of a corresponding semigroup. This is in sharp contrast to the situation for 
general semigroups. 
d. Translation semigroups 
As seen before, the (left) translation operators 
m/is) + t), s, t e ER, 
define a strongly continuous (semi) group on the spaces Cub(IR) and LP(R), 1 <p<co . The 
generator (A, D(A)) is given by differentiation, but we have to adapt its domain to the 
underlying space. 
Proposition 3.3. [3, Chapter 1.5] The generator of the (left) translation semigroup 
(Ti(t))i>o on the space X is given by 
Af:=f, 
with domain: 
(i) D(A) = { f e Cub(R) :fis differentiable andf'e Cub(lR)}, 
ifX := Cub([R), and 
(ii) D(A) = {f e L/(R): / is absolutely continuous and f e I/(1R)}, 
ifX := I/(R),1 <p<co. 
We now give an explicit formula for the resolvent of the differentiation operator A 
with "maximal" domain D(A) as specified in the previous result. 
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Proposition 3.4. The resolvent for Re 2 > 0 of the differentiation operator A 
with maximal domain D{A) (i.e., of the generator of the left translation semigroup) on 
any of the above spaces X is given by 
oo 
(R(A,A)f)(s) = yx(T's)f(r)dT for f e Xandse R. 
We can prove this proposition by simply note that: 
Let R(AAY= g, then 
/= (A-A)g = Ag-Ag =Ag-g'. 
Then we have a linear differential equation 
g\s)-Ag(s)-M = 0 
and the proposition follows from a basic result in the theory of differential equation. 
4. Hille - Yoshida generation theorems 
We now turn to the fundamental problem of semigroup theory, which is to find arrows 
in Diagram 2.10 leading from the generator (or its resolvent) to the semigroup. More 
precisely, this means that we will discuss the following problem. 
Problem 4.1. Characterize those linear operators that are the generator of some 
strongly continuous semigroup. 
a. Generation of semigroups 
In Theorem 2.5 and 2.8, we already saw that generators 
• are necessarily closed operators, 
• have dense domain, and 
• have their spectrum contained in some proper left-half plane. 
These conditions, however, are not sufficient. 
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Example 4.2. On the space 
X:={fe Co(R+) : / continuously differentiable on [0,1]} 
endowed with the norm 
||/|| : = s u p | / ( s ) | + sup 
seR+ se[0,l] 
we consider the operator (A,D(A)) defined by 
Af:=f for f e D(A) := { / e C\ ( R + ) : / ' e X). 
Then A is closed and densely defined, its resolvent exists for Re/l > 0, and can be 
expressed by 
(R(A,A)/)(s) = \e^-s)f(T)dr for / e X, s > 0. 
Assume now that A generates a strongly continuous semigroup (Y(7))/>o on X. For 
/ e D(A) and 0 < s, t we define 
£( r ) :=(7X;- r ) / ) ( s + r) 0 < r <t, 
which is a differentiable function. Its derivative satisfies 
:= ~{T(t - r)Af)(s + t) + (T(t - r)f')(s + r) = 0 
and hence 
(T(t)f)(S)=m=m=f(s+t). 
This argument above shows that (T(t))t>o must be the (left) translation semigroup. The 
translation operators, however, do not map X into itself. 
Example 4.2 indicates that we need more assumptions on A, and the norm estimates 
||i?(A^4)|| <
 Re^_w , Re X > w, proved in Theorem 2.8.(iii) may serve for this purpose. 
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To tackle this problem, it is helpful to think of the semigroup generated by an operator 
A as an "exponential function" t M> etA. 
Exponential formulas 4.3. We pursue this idea by recalling the various ways by 
which we can define "exponential functions". Each of these formulas and each method 
will then be checked for a possible generalization to infinite-dimensional Banach spaces 
and, in particular, to unbounded operators. 
Formula (i). As in the matrix case, we might use the power series and define 
(4.1) e'A:=f]-A» 
For unbounded A, it is unrealistic to expect convergence of this series. 
Formula (ii). In one-dimensional case, we have: 
(4.2) := lim(l + - A)" = lim(l - - A)~" 
n—> <x> ft co ft 
While the first formula again involves powers of the unbounded operator A and therefore 
will rarely converge, we can rewrite the second (using the resolvent operators 
R(AJ) := (A-A)'1) as 
(4.3) e'A =lim[»/R(>/,A)T 
This yields a formula involving only powers of bounded operators. It was Hille's idea 
to use this formula and to prove that under appropriate conditions, the limit exists and 
defines a strongly continuous semigroup. 
Formula (iii). Since it is well understood how to define the exponential function for a 
bounded operator, one can try to approximate A by a sequence (A„)„em of bounded 
operators and hope that 
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(4.4) e,A := \imetA" 
n-> co 
exists and is a strongly continuous semigroup. 
This idea was Yoshida's and will now be examined in detail in order to obtain strongly 
continuous semigroups. 
We start with an important convergence property for the resolvent under the 
assumption that ||/Ji?(2^4)|| remains bounded as A —• co. 
Lemma 4.4. [3, Chapter 2.3] Let (A,D(A)) be a closed, densely defined operator. 
Suppose there exists w e R and M> 0 such that [w,co) c p(A) and ^^ ( / l^ ) ! ! < Mfor all 
A>w. Then the following convergence statements hold for A —> co. 
(a) AR(AA.)x —>• x for allx e X. 
(b) AAR(A^4)x = AR(AJ)Ax Ax for allx € D(A). 
This lemma suggests immediately that the operators An := nARin^A) should be chosen 
to approximate the unbounded operator^ since we note that R(n,A) = (n - A) 
so ( n - A ) R ( n J ) = I 
<=> AR{n4) = nR(nA)-I 
o nAR(nJ) = nR(n4) - nl 
which is bounded operator for each n e N. 
We first give the characterization theorem for generators for contraction semigroups 
and then the general case can be deduced from this one. This well-known theorem was 
proved by Hille and Yoshida in 1948 and it was one of the biggest mathematics events in 
the last century. 
Generation theorem 4.5. [Contraction case, HILLE, YOSHIDA, 1948]. 
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For a linear operator (A,D(A)) on a Banach space X, the following properties are 
equivalent. 
(a) (A,D(A)) generates a strongly continuous contraction semigroup. 
(b) (A,D(A)) is closed, densely defined, and for every X > 0 one has X e p(A) and 
(4.5) \\XR(XA)\\<\. 
(c) (A,D(A)) is closed, densely defined, and for every X e C with ReA > 0 one has 
X e p(A) and 
(4-6) \\R(XJ)\\<^-j. 
We now illustrate the results by a left translation semigroup. 
Example 4.6. Let (7XO)fi>o be a left translation semigroup on Cub(R+). Then (7/(0)&o is 
a contraction and its generator is given by 
4 f : = f , 
with domain: 
D(A) = { f t Cub(R+) : / i s differentiable and f'e Cub(R+)}, 
And the resolvent R(X^A) for X > 0 is given by 
oo 
CR(X, A) f ) ( s ) = je'Mr~s)f(r)dr f o r / e Cub(R+) and 5 > 0. 
s 
By the basic results in analysis, (A,D(A)) is closed, and D{A) is dense in Cub(R+). 
For every X > 0, we have 
\\R(XM\ = \ e ^ f ( T ) d r < ||e~;i(r~'s)/(r)||(i t < r. || /1 | 
<)e-^dz.\\f\\ =1 
i X 
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Hence \\M{AA)\\ < 1. 
If a strongly continuous semigroup (T(t))t>o with generator A satisfies, for some 
w e IR, an estimate 
\\T(f)\\<ewt for ^ > 0, 
then we can apply the above characterization to the rescaled contraction semigroup given 
by 
S(t) := ewtT{i) for t > 0. 
Since the generator of (S(t))t>o is B = A - w, Generation theorem 4.5 takes the following 
form. 
Corollary 4.7. Let w e IR. For a linear operator (A,D(A)) on a Banach space X, the 
following conditions are equivalent. 
(a) (A,D(A)) generates a strongly continuous semigroup (T(t))t>o satisfying 
(4.7) \\T(t)\\ < ewt fort> 0. 
(b) (A,D(A)) is closed, densely defined, and for each A >w one has A e p(A) and 
(4.8) ||(1 - w)R(A^y\ < 1. 
(c) (A,D(A)) is closed, densely defined, and for each A e C with Re/l > w one has 
A e p(A) and 
(4-9) ||*0M)|| < . 
Re/l - w 
By the argument which is going to be presented in (4.b), note that an operator A 
generates a strongly continuous group if and only if both A and -A are generators. 
Therefore, we can combine the conditions of the Generation Theorem 4.5 for A and -A 
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simultaneously and obtain a characterization of generators of contraction groups, i.e., 
groups of isometries. 
Corollary 4.8. [3, Chapter 2.3] For a linear operator (A,D(A)) on a Banach space X, 
the following properties are equivalent. 
(a) (A,D(A)) generates a strongly continuous group of isometries. 
(b) (A,D(A)) is closed, densely defined, and for every X e 1R\{0} one has X e p(A) 
and 
(c) (A,D(A)) is closed, densely defined, and for every X e <C\ilR one has X e p(A) and 
It is pleasant that the characterization of generators of arbitrary semigroups can be 
deduced from the above result for contraction semigroups. In 1952, Feller, Miyadera and 
Phillips generalized the Hille-Yoshida theorem to the general case. We note that norm 
estimates for all powers of the resolvent are needed. 
Generation theorem 4.9. [General case, FELLER, MIYADERA, PHILLIPS, 1952], 
Let (A,D(A)) he a linear operator on a Banach space X and let w g R and M ^ 1 be 
constants. Then the following properties are equivalent. 
(a) (A,D(A)) generates a strongly continuous semigroup (T(t))t>o satisfying 
(b) (A,D(A)) is closed, densely defined, and for every X > w one has X e p(A) and 
\\XR(XA)\\<\. 
( 4 . 1 0 ) 
( 4 . 1 1 ) \\T{t)\\<Mewt for t>0. 
( 4 . 1 2 ) \\[(X - w)R(X^)]n\\ <M for all n 6 N. 
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(c) (A,D(A)) is closed, densely defined, and for every A e C with Re/l > w one has 
A e p(A) and 
( 4 . 1 3 ) WR^ATW <
 m F for all neK 
(Re/l - w) 
And the semigroup is obtained by the formula 
T(t) = e'A =\im[»/R("/,A)]n. 
n-> oo 
b. Generators of groups 
We now turn to the question of which operators are generators of strongly continuous 
groups. In order to make this more precise, we first give the definition of the generator. 
Definition 4.10. The generator A : D(A) c= X X of a strongly continuous group 
(T(t))/
€
r on a Banach space X is the operator 
Ax := l imj( r ( /2)x-x) defined for every x in its domain 
D(A) = {xeX: l i m \ ( T ( h ) x - x ) exists}. 
Given a strongly continuous group (T(t))t€R with generator (A,D(A)), we can define 
t — 7Y*\ J T(*\ — TV A -f— * A Tl,™ 4.1 — ;„ j/L„4. 1 emu i-\l) Iui 1 si \>. inen, uuui 111c picviuua uciiiiiuuii, n is v^ icai uiai 
(T+(t))t>o and (7I(?))/>o are strongly continuous semigroups with generators A and -A , 
respectively. Therefore, if A is a generator of a group, then both A and -A generate 
strongly continuous semigroups. The next result shows that the converse of this statement 
is also true. 
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Generation theorem for groups 4.11. [3, Chapter 2.3] Let w e IR and M > 1 be 
constants. For a linear operator (A,D(A)) on a Banach space X the following properties 
are equivalent. 
(a) (A,D(A)) generates a strongly continuous group (T(i))teu satisfying the growth 
estimate 
||r(0||<Mevv|'1 forte R. 
(b) (A,D(A)) and (-A,D(A)) are generators of strongly continuous semigroups 
(T+(t))t>o and (T-(t))&o, respectively, which satisfy 
| | 7 + ( 0 | I J 7 : « I I < M ^ for t > 0. 
(c) (A,D(A)) is closed, densely defined, and for every X e R with \X\ > w one has 
X e p(A) and 
||[(|A| - w)R(X4)]n\\ <M for all n e N. 
(d) (A,D(A)) is closed, densely defined, and for every X e C with |ReA| > w one has 
X e p(A) and 
5. Well-posedness for evolution equations 
Only now we turn our attention to our starting goal: We want to solve a differential 
equation. More precisely, we look at abstract (i.e., Banach-space-valued) linear initial 
value problems of the form 
I w(0) = x, 
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where the independent variable t represents time, u(.) is a function with values in a 
Banach spaced, A : D(A) c l - > l a linear operator, andx e Xthe initial value. 
We start by introducing the necessary terminology. 
Definition 5.1. (i) The initial value problem 
is called the abstract Cauchy problem associated with (A,D(A)) and the initial value x. 
(ii) A function u : R+ —> X is called a (classical) solution of (ACP) if u is continuous 
differentiable with respect to t, u(t) e D(A) for all t> 0, and (ACP) holds. 
If the operator A is the generator of a strongly continuous semigroup, it follows from 
Lemma 2.4.(ii) that the semigroup yields solutions of the associated abstract Cauchy 
problem. And since a generator A can at most generate one semigroup, we can deduce the 
uniqueness of the solution. 
Proposition 5.2. Let (A,D(A)) be the generator of the strongly continuous semigroup 
(T(t))t> o- Then, for every x e D(A), the function 
is the unique classical solution of (ACP). 
The important point is that (classical) solutions exist if and only if the initial value x 
belongs to D(A). However, is x £ D(A) we can still define a so-called "mild solution". In 
this concept, we renounce differentiability and substitute an integral equation for the 
differential equation. 
Definition 5.3. A continuous function « : R + - > I i s called a mild solution of (ACP) if 
| M ( S ) C Z S E D(A) for allt> 0 and 
(ACP) for t > 0, 
u ! 11—> u(t) := T(t)x 
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i 
u(t) = A + x. 
It follows from Lemma 2.4.(iv) that for A the generator of a strongly continuous 
semigroup, mild solutions exist for every initial value x e X and are again given by a 
semigroup. Moreover, this mild solution is unique by the following proposition. 
Proposition 5.4. [3, Chapter 2.6] Let (A,D(A)) be the generator of the strongly 
continuous semigroup (T(t))t>o. Then, for every x e X, the orbit map 
u:t u(t) := T(t)x 
is the unique mild solution of the associated abstract Cauchy problem (ACP) 
We then have an important result. 
Theorem 5.5. [3, Chapter 2.6] Let A : D(A) a X -» X be a closed operator. For the 
associated abstract Cauchy problem 
fu\t) = Au(t) (ACP) ; J fort> 0, [w(0) = x, 
we consider the following existence and uniqueness condition: 
(EU) For every x e D(A), there exists 
atJMT/111/) f/1 j/i/l M * it v\ rt/*/ A It/i-l^Ue H^MlLKJll t*^. , A) VJJ yy-V^X j . 
Then the following properties are equivalent. 
(a) A generates a strongly continuous semigroup. 
(b) A satisfies (EU), has dense domain, and for every sequence (xn)ne^ a D(A) satisfying 
lim„^ >ocX„ = 0, one has lim„_>ocu(?,x„) = 0 uniformly in compact intervals [0,/b]-
Intuitively, property (b) expresses what we expect for a "well-posed" problem and its 
solutions: 
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existence + uniqueness + continuous dependence on the data. 
Therefore, we have the following definition. 
Definition 5.6. The abstract Cauchy problem 
[u\t) = Au(t) (ACP) W for t>0, |w(0) - x, 
associated to a closed operator A : D(A) c l ^ l is called well-posed if the condition 
(b) in Theorem 5.5 holds. 
6. Bounded perturbations 
The verification of the conditions in the various generation theorems is not an easy 
task and for many important operators cannot be performed in a direct way. Therefore, 
one tries to build up the given operator (and its semigroup) from simpler ones. 
Perturbation is one of the standard methods for this approach and will be discussed 
below. 
In many concrete situations, the evolution equation (or the associated linear operator) 
is given as a (formal) sum of several terms having different physical meaning and 
different mathematical properties. While the mathematical analysis may be known for 
each single term, it is not at all clear what happens after the formation of sums. 
Problem 6.1. Let A : D(A) a X -» X be the generator of a strongly continuous 
semigroup {T(t))t>o and consider a second operator B : D(B) c l - > l Find conditions 
such that the sum A + B generates a strongly continuous semigroup (S(t)),>o. 
We say that the generator A is perturbed by the operator B or that B is a perturbation 
of A. However, before answering the above question, we have to realize that, at this stage, 
the sum A + B is defined as 
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(A + B)x \= Ax + Bx 
only for 
x € D(A+B) :=D(A) n D(B), 
a subspace that might be trivial in general. To emphasize this and other difficulties 
caused by the addition of unbounded operators, we first discuss some examples. 
Example 6.2. 
(i) Let (A,D(A)) be an unbounded generator of a strongly continuous semigroup. If we 
take B := -A, then the sum A + B is the zero operator, defined on the dense subspace 
D(A), hence not closed. 
(ii) If we take B := -2A, then the sum is 
A +B =-A with domain D(A +B)= D(A) 
which is a generator only if A generates a strongly continuous semigroup. 
(iii) Let A : D(A) c X —» X be an unbounded generator of a strongly continuous 
semigroup and take an isomorphism S e £(X) such that D(A) n S(D(A)) = {0}. Then 
B := SAS~l is a generator as well, but A + B is defined only on 
D(A+B) = D(A) n D(B) = D(A) n S(D(A)) = {0}. 
The above examples show that the addition of unbounded operators is a delicate 
operation and should be studied carefully. Here we just consider a situation in which we 
avoid the difficulties due to the differing domains of the operators involved. More 
precisely, we assume one of the two operators to be bounded. 
Bounded perturbation theorem 6.3. [3, Chapter 3.1] Let (A,D(A)) be the generator 
of a strongly continuous semigroup (T(t))t>o on a Banach space X satisfying 
\\T(i)\\<Mewt for t>0 
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and some w e R , M > l . I f B e £(X) then 
C :=A+B with D(Q := D(A) 
generates a strongly continuous semigroup (S(t))t>o satisfying 
\\S{t)\\<Me{w+mmt for all t>0. 
CHAPTER III 
Application of semigroups to population equations 
We are now ready to investigate evolution equations or, more precisely, initial value 
problems. We will establish "well-posedness" for such equations and, in addition, 
investigate their solutions. To this end, we use one-parameter semigroups. As a general 
rule, we propose the following steps. 
(i) Take an evolution equation (i.e., the initial value problem) and try to understand its 
physical, biological, etc...significance. 
(ii) Find a Banach space X and a linear operator A : D(A) cz X X such that the 
original equation can be rewritten as an abstract Cauchy problem 
(iii) Show that A generates a strongly continuous semigroup (T(t))t>o on X and discuss 
how the solutions 1 u ( t ) := T(t)x of (ACP) yield solutions of the original problem. 
In particular, we consider a population of cells that are distinguished by their 
individual size. Therefore, we describe the population at time t by the number n(t,s) of 
cells having size s. More precisely, 
is the number of cells that at time t have size s between s\ and S2. As time passes, the 
following processes are supposed to take place in this population. 
• Each cell grows linearly in time 
(ACP) for t > 0, 
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• Each cell dies with a probability depending on its size. 
• Each cell divides into 2 daughter cells of equal size with a probability depending 
on its size. 
Moreover, we assume that 
• There exists a maximal cell size (normalized to s = 1). 
• There exists a minimal cell sizes = a > 0 after which division can occur. 
As a consequence, we have that the size s of each cell in our population must satisfy 
s >a/2. From these assumptions, the following evolution equation can be derived. [4] 
d d \4b(2s)n(t,2s) for a/2<s</2 
dt ds [0 for y2<s< 1 
with the boundary condition 
n(t,a/2) = 0 for r > 0 
and the initial condition 
«(O^s) = n0(s) for a/2<s<\. 
Moreover, we assume that the death rate ju is a positive, continuous function on [a/2,l], 
while the division rate b should be continuous with 
b(s) > 0 for ,se(a, l) and b(s) = 0otherwise. 
Using one-parameter semigroups we will show "well-posedness" of this equation. 
We will, in a more or less complete way, perform the step (ii) and (iii) outlined above. 
Therefore, we start with the necessary definitions in order to rewrite (CE) as an abstract 
Cauchy problem. As a natural Banach space we choose L l[a/2,l], in which the norm |l/j| of 
a positive function is the size of the total cell population represented by f 
Definition 1.1. On the Banach space X:= Ll[a/2M define the operators 
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A<f:=-f-(v+b¥ with D(Ao) ( f e W1'1^,!] :fi"/2) = 0}, 
f4b(2s)f(2s) for y2<s<y2 Bfts)\= \ forallfeX, [0 for y2 < s < 1 
A := A0 + B with D(A) := D(A0) 
where W u [ ^ , l ] = if e L ' [ ^ , l ] : / ' e L 1 ^ , ! ] } . 
With these definitions our partial differential equation (CE) becomes an abstract 
Cauchy problem 
\u\t) = AM(t) + Bu(t) (ACP) I w for / > 0, 
[«(0) = n0 
for the vector-valued function u : 1R+ — l)[ a /2X\ • In order to show that A := Aq + B 
generates a strongly continuous semigroup on X, and hence that (ACP) is well-posed, we 
use perturbation methods. In fact, for the operator AQ everything can be computed 
explicitly. 
Lemma 1.2. The operator (AQ,D(AQ)) generates a strongly continuous semigroup 
{To(t))t>o on Xgiven by 
- l(t,(T)
 + b(T))dT 
s-t f (o A £->»• f _ * a/ 
•J V <-) J«" J <• ^ /2 
0 elsewhere. 
PROOF. We first show that To(t) has the semigroup property. 
Let q{i) := - (n(0 + bit)). 
We have 
n n t /YcA • - J 
J J 
7 b ( / i ) 7 o ( ^ ) = exp( |^(r)£/r)/(5-^)oexp( jV(r)c/r )/(•*-
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S 
To(t 1 + t2\f[s) = exp( jV(r)Jr )/(> - h -t2) 
s-t, -t2 
h h 
• • • 
Clearly, 70(/, + = T0(t{)T0(t2]f{s) for all th t2 > 0, f e Ll["/2,\]. 
and 7o(0)/(,s) = /(s). So To(t) has the semigroup property. 
We now prove that To(t) is strongly continuous on C [ ^ , l ] , i.e., we need to show that 
given £> 0, there exists S> 0 such that 
H^bM/fa) - As)\\ < £ whenever |;| < S, for a l l / e C[«/2,l]. 
Let s > 0 be given. 
Since / e C [ ^ 2 , l ] , / i s uniformly continuous (for / i s continuous and [a/2X\ is a 
compact set), so there exists S\ > 0 such that 
IIf[s -1) - / s ) | | < s!2 whenever \t\ < S} (1). 
s 
Now consider || exp( ^q(v)dr) - 1||. 
s-t 
Since q(t) is a bounded function on [a/2,X\, 
s s 
J q ( r ) d z <M J<ir = Aft —» 0 as t —> 0 and this does not depend on s. 
s-t s-t 
s Hence limexp( ^q(z)dv) = \ 
s-t 
i.e., there exists Si> 0 such that 
s 
IIexp( J ? ( r ) j r ) - l | | <£ / (2 | j / | | ) whenever \t\<5l (2). 
s-t 
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Clearly, |j/(s - Oil * 11/11 (3)-
We have 
s 
l|7b(0/(s) - As)II = II exp( Jq(r)dr )f(s -1) - / j - 0 +fis -1) 
s-t 
< II exp( )q(T)dr)- 1 | | . | | ^ - Oil + \\A* - 0 -fis)\\ 
s-t 
< s/2 + s/2 = e (From (1),(2) and (3)) for |f| < min{S\, 
So 7o(0 is strongly continuous on C [ ^ , l ] . We will show that the results also hold on 
L ' t ^ l ] . 
We want to find 8 such that 
i 
jl T0(t)f - /1 ds <£ whenever < 8. 
a/2 
We already proved that given e > 0, there exists 8 > 0 such that 
sup | Tit)f(s)-f(s)\<s whenever |f| < 8. 
s 
1 1 1 
Hence J |T 0 ( t ) f - f \ d s < j|| T0(t)f -f\\ds< J - ^ — d s = s for |;| < S. 
a/2 a/2 a/2 '1 
So the results also hold forf e a/2,\]. 
Now we are going to prove that the generator of To(t) is of the form 
AQf~-f-(ju+bV with D(A0) : = { / e W u [ « / , l ] :fLaA) = 0}-
We have 
5 
exp( \q(T)dr)f(s-t)-f(t) 
lim & /4-0 t 
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a 
exp( \q(r)dT)f{s-t)-f(s-t) 
=
 l i m + l i m / ( j - ° - / ( j ) ti0 f /iO t 
s 
exp( jV(r)Jz-) - 1 
l i m / ( 5 - 0 . ^ f \ s ) /lo t 
j 
exp( J q { z ) d r ) - \ 
-As), lim ^ f'(s) 4o t 
(exp( J?(r)dr)-1) ' 
-As), lim f'(s) (L'hopital rule) (4). tio 1 
j j a-i 
Let g(t)= jq(r)dr = Jq(r)dr - jq(r)dr. 
Then g '(t) = 
s-i 
-
V o J 
-q(s- t) .(-1) = q(s - t). 
(exp( \q{r)dr)-\y 
Hence (4) =fts). lim f \ s ) /4o 1 
s 
exp( j q ( r ) d r ) . q { s - t ) 
=As). lim ** f ( s ) 
tl o 1 
= q(s)As)-f(s) 
= - / ' - (jU+b)/' (as we wished to show). 
In short, the operator Aq is the sum of the generator of the nilpotent right translation 
semigroup on L J[^,1] and the bounded multiplication operator given by the function 
m := - ju - b. 
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It now suffices to observe that B is a bounded operator on X. By Theorem II.6.3, we 
conclude that Aq + B is again a generator. 
Proposition 1.3. The operator (A,D(A)) generates a strongly continuous semigroup 
(T(t))t>o on X, and the above abstract Cauchy problem (ACP) is well-posed. 
Corollary 1.4. The cell population equation (CE) with the boundary and the initial 
condition has a unique solution. 
This results yields solutions of the original cell equation. Further study might 
concentrate on the qualitative properties of this semigroup. 
APPENDIX 
Here we define some basic concepts crucial to the understanding of Banach space and 
semigroup theory, [1] and [2]. 
Definition A.l. If X is a vector space over F (IR or C), a seminorm is a function 
p : X—> [0,oo) having the properties. 
(i) p(x + y) < p(x) + p(y) for all x,y in X. 
(ii) p(ax) = | a\p(x) for all a in F and x in X. 
It follows from (ii) that p( 0) = 0. A norm is a seminorm p such that 
(iii) x = 0 ifp(x) = 0. 
Definition A.2. A normed space is a pair (X||-||), where X is a vector space and ||-|| is 
a norm on X. A Banach space is a normed space that is complete with respect to the 
metric defined by the norm. 
Definition A.3. A linear operator, T,from a Banach space X to a Banach space Y is a 
map T: X—> Ysuch that 
T(ax + J3y) = aTx + fiTy 
for all x,y e Xand all a,/? € F. 
Definition A.4. T : X —» Y where X and Y are normed linear spaces is said to be 
bounded z/||7x||y < K\ |x| \xfor some constant K> 0 and all x e X. 
Definition A.5. Let X, Y be normed linear spaces, then we define the normed linear 
space £(X, Y) to be the space of bounded linear operators T: X—> Y. 
Proposition A.6. If A e £(X, Y) and 
|M| |=sup{ |M*| | : | | x | |< l} , 
then p | | = s u p { M : ||x|| = l} 
66 
= s u p { M / | | x | | 
= \rLf{c>0-.\\Ax\\<c\\x\\forxinX}. 
11 is called the norm of A and £(X,Y) becomes a normed space if addition and scalar 
multiplication are defined pointwise. £(X, Y) is a Banach space if Y is a Banach space. A 
bounded linear operator is also called continuous linear operator. 
Let X be a Banach space then £(X) denotes the Banach algebra of all bounded linear 
operators on X endowed with the operator norm. 
Definition A.6. A linear operator T: X —» Y is said to be closed if its graph £{T) is a 
closed linear subspace ofXx Y. i.e., for each sequence {x„} in Xsuch that 
(i) xn e D(T), 
(ii) there exists x e X such that xn —» x for n -> co, and 
(iii) there exists y e Y such that Txn — 
then x e D(T) and Tx = y. 
Definition A.7. A linear operator T: X—> Y is said to be nilpotent i f f 1 = 0 for some k. 
Theorem A.8. (Closed graph theorem) I f X and Y are Banach spaces and A : X Y 
Vc /i /iM/J/IK ciiyiii tbini- A id /i/ziprt/^ A »n to u ttftcuf i»ue /a to unyji^la, trtc/i -m to L/VH/tucu. 
Uniform boundedness theorem A.9. {T„} a family of bounded linear 
operators in £{X,Y) where X is a Banach space. If the family {||7)tx||}'} is bounded for 
each x, that is 
WTnxWr^Mx 
where Mxis independent of n, then is bounded. 
i 
A.10. Let V(t) := jT(s)ds, t> 0 
o 
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where T(-) : R+ —» £(X) is a continuous function. Then YtV(t) converges (in norm) to 
T(0) = I as t 0. 
PROOF. Since T(t) is a continuous function on R+, given s > 0, there exists 8 > 0 
such that: 
Consider 
||r(0 - T(0)|| < £ whenever 0 < t < 8 
- \T(s)ds - T(0) = -f(T(s)-T(0))ds 
t a t r. 
\\ 
< - | | r (5) - r(0)||j5 < £ whenever 0 < 5 < 8 
Since f i s arbitrary, it follows that x/tV(t) converges (in norm) to 7(0) = I as t —> 0. 
Definition A. l l . The semigroup (T(t))t>o is nilpotent onXif 
T(t) = 0 for all t > to for some to ^ 0. 
A. 12. If S(t) and T(t) are 2 bounded operators in Banach space Xand S(t)x = T(t)x for 
all x in some dense subset D e X, then S(t)x - T(t)x for all x e l 
PROOF. We just need to show the result holds for x e X \ D. Since D is dense in X, 
for each x eX\D, there exists e D such that limn^.M xn - x. Then we have 
0 < ||r(/)x - S(t)xII < | |r(0x - T(t)xnII + IIT(f)xn - 5(/)x„|| + ||5(0x„ - S(/)x|| 
< | |r(0||. | |x-x„|| + | | r (0 -5(0 lMk| | + ||5(0l|.||x„-x||. 
Since S(t) and T(t) are bounded, as n —oo, it follows that 
lim || 7X0x-S(0x | |=0 , 
hence S(t)x = T(t)x for all x e X. 
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